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Abstract 
 
The rotational stiffness of a radial tire is one of the most important structural properties of the sidewall, and it has 

been evaluated conventionally by using a simplified model. However, in this paper, it is found that the conventional 
shear modulus used for the calculation of the stiffness is not micromechanically consistent. We examine the conven-
tional shear modulus of the sidewall from the viewpoint of micromechanics, and present a new micromechanically 
consistent shear modulus for evaluating the rotational stiffness attributed to the shear deformation of sidewall. The 
developed method is discussed and rationalized through an approximate quantitative analysis. The calculation based on 
the micromechanically consistent shear modulus is validated by comparing it with experimental stiffness and the con-
ventionally-calculated stiffness.  
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1. Introduction 

Modern tire structures have evolved through a se-
ries of modifications of the original pneumatic rubber 
tire. Early modifications were based on field experi-
ences and on mostly experimental studies of tire be-
havior. The use of mathematical analysis to calculate 
tire stresses and deformations remained limited in 
scope for a long time because of the complexity of 
tire structure [1, 2]. Thus, many studies have used a 
simplified tire model, the "spring bedded ring model", 
which consists of the sidewall and tread. This simpli-
fied model has been used effectively since 1954 when 
Fiala [3] gave an explicit formula for cornering char-
acteristics of a running tire. It has been applied to 
investigations on riding comfort [4], vibration [5-10], 
standing wave phenomena [11, 12], contact pressure 

distribution [13], and rolling resistance [14].  
Akasaka et al. [15] gave an analytical method for 

estimating the rotational stiffness of a radial tire. They 
presented two analyses: the in-plane shear deforma-
tion theory and the netting theory. According to the 
netting theory, the rotational stiffness consists of two 
parts: one proportional to inflation pressure that 
causes cord tension, and the other attributed to the 
rubber rigidity of the sidewall. However, they ex-
plained neither how the conventional shear modulus 
of the latter stiffness was obtained from the viewpoint 
of micromechanics, nor why the shear rigidity of the 
cords packaged by rubber compound was ignored.  

Kim et al. [16] explained why the shear rigidity of 
cords could be neglected in the conventional shear 
modulus of the sidewall by expressing it in terms of 
its respective material properties. They exemplified 
how to calculate it. Their calculation makes it possi-
ble to relate the rotational stiffness to the mechanical 
properties and geometrical dimensions of rubber 
compounds, so that the stiffness could be predicted. 

Kim [17] proposed a new sidewall contour equa-
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tion, which is a deformable configuration of sidewall 
depending on applied torque, to calculate rotational 
stiffness of the part proportional to inflation pressure. 
He showed that the new sidewall contour equation 
could describe the real contour more precisely and 
easily than the conventional one and it gives im-
proved rotational stiffness.  

We consider the macroscopic shear modulus of the 
sidewall, showing that the shear modulus, which is 
used in References [15-17], is not inherently com-
patible with the real structure of the sidewall even if 
the rotational stiffness based on it gives an acceptable 
value to some degree. This paper presents a microme-
chanically consistent shear modulus. It calculates the 
rotational stiffness based on the new shear modulus as 
well as the conventional one to validate the newly 
defined shear modulus. The comparison between the 
rotational stiffnesses and the experimental one shows 
the micromechanically consistent calculation gives 
much closer stiffness to the experimental one than 
that calculated in a conventional way.  

 
2. Rotational stiffness 

When a tire fixed along the periphery of the tread is 
subjected to an applied torque T as shown in Fig. 1, 
the rotational stiffness of the sidewall is defined as  

 
TR ψ=  (1) 

 
Assume that the sidewall under inflation pressure is 

a composite toroidal membrane structure that is com-
posed of fiber-reinforced laminates with rubber com-
pound matrix. Then we can assume that the applied  

 

 
 
Fig. 1. Applied torque T  and the rotational angle ψ ; the line 
before deformation ab  becomes *a b  after deformation.  

torque supports the torque attributed to the cord ten-
sion and the torque caused by shear rigidity of the 
sidewall, that is, the applied torque can be written as 
[16, 17] 

 
( ) ( )T T c T s= +  (2) 

 
where ( )T c  is the torque due to the tension of the 
carcass cords and ( )T s  is the torque attributed to the 
shear rigidity of the sidewall. 

From Eq. (1) and Eq. (2),  
 

( ) ( )T c T sR
ψ
+= ( ) ( )R c R s= +  (3) 

 
where ( ) ( )R c T c ψ=  and ( ) ( )R s T s ψ= .  

In this paper, we calculated the part of ( )R c  in the 
same manner as Reference [15] but not the part of 

( )R s . References [15]-[17] have assumed that the 
laminates in the sidewall are connected in series, 
which contradicts the real structure of the sidewall. 
We consider the shear modulus from the viewpoint of 
micromechanics and present a micromechanically 
consistent shear modulus of the sidewall. 

Not to repeat the same analysis done in the previ-
ous papers here, we will quote only the equations 
needed to describe the present issue on ( )R s . 

 
2.1 Rotational stiffness due to shear deformation  

Applying the in-plane shear deformation theory to a 
differential element of the sidewall shown in Fig. 2 
and Fig. 3, we can obtain the rotational stiffness 

( )R s  given by [16, 17] 
 

 
 
Fig. 2. A differential length of ds  before deformation. 
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Fig. 3. The cord on a toroidal surface, where ds  and dL  are 
differential lengths before and after angular deformation ( dψ ), 
respectively, and du  is a circumferential displacement, α  is 
cord angle, and t  is the cord tension due to inflation pressure.  
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It should be noted that eqG  in Eq. (4) is the macro-
scopic shear modulus of sidewall in the φ θ−  plane. 

References [15]-[17] have defined the macroscopic 
shear modulus, eqG  as 

 
rubber compounds

eq
rubber compounds

G
G

V
=   (6)  

 
where rubber compoundsV  is the volume fraction of all the 
rubber compounds in the sidewall, i.e., 
 

rubber compounds sidewall apex innerliner cmV V V V V= + + +   (7)  

 
and rubber compoundsG  is the equivalent shear modulus of 
all the rubber compounds. 

 
2.2 Review of the macroscopic shear modulus 

The macroscopic shear modulus, eqG  in Eq. (6) 
corresponds to the shear modulus of the sidewall 
whose constituent rubber sheets and the carcass ply 
are connected in series. However, the definition of Eq.  

  
         (a)                        (b) 

 
Fig. 4. A representative volume element of sidewall composed 
of carcass ply and other rubber sheets; (a) shear stress τ , and 
(b) shear strain γ .  

 
(6) contradicts the micromechanical behavior of 
laminates because the constituents are connected in 
parallel as shown in Fig. 4. To examine the above 
facts theoretically, we will consider four kinds of 
modeling of the sidewall. 

 
2.2.1 Model 1 
If we assume the constituent rubber sheets and car-

cass ply are connected in parallel as shown in Fig. 
5(a) and the carcass ply is modeled as shown in Fig. 
5(b), we have 

 
eq apex apex sidewall sidewall innerliner innerlinerG V G V G V G= + +   

         .cm cm cf cfV G V G+ +  (8)  
 

The above equation can be expressed as 
 

eq cf cfrubber compounds rubber compounds
G V G V G= +   (9)  

If 1 ( apex apex sidewall sidewallrubber compounds
rubber compounds

G V G V G
V

= +  

                             ).innerliner innerliner cm cmV G V G+ +  (10)  
 
If all the rubber compounds have the same shear 

modulus, then Eq. (10) is reduced to Eq. (7) but Eq. 
(9) is different from Eq. (6). This means that the con-
ventional definition of eqG  in Eq. (6) is not based on 
this model. 

 
2.2.2 Mode 2 
Once again, assume that the constituent rubber 

sheets of the sidewall and the carcass ply are con-
nected in parallel as shown in Fig. 5(a). But if we 
model the carcass ply as shown in Fig. 5(c), then we 
have 
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Fig. 5. (a) parallel-connection of rubber sheets and carcass ply, 
(b) assumption of parallel-connection of cords and carcass rub-
ber in the carcass ply, and (c) assumption of series-connection of 
cords and carcass rubber in the carcass ply.  

 

eq apex apex sidewall sidewall innerliner innerlinerG V G V G V G= + +   

         1
carcass ply

cfcm

cm cf

V

G G
νν

+
+

. (11)  

 
Since cf cf cm cmv G v G<< , the above Eq. (11) can be 
written as 
 

eq apex apex sidewall sidewall innerliner innerlinerG V G V G V G≈ + +   

         cm
carcass ply

cm

GV
ν

+ .  (12) 

 
Eq. (12) can be rewritten as 
 

eq rubber componds rubber compounds
G V G≈            (13) 

If 1 ( apex apex sidewall sidewallrubber compounds
rubber compounds

G V G V G
V

= +  

                        / )innerliner innerliner carcass ply cm cmV G V G ν+ + . 

                                          (14) 
 
If all the rubber compounds have the same shear 

modulus, then Eq. (14) is reduced to 
 

carcass ply
rubber compounds sidewall apex innerliner

cm

VV V V V ν= + + +                                 

 (15) 
 

which is different from Eq. (7). Moreover, Eq. (13) is 
different from Eq. (6). This indicates that the conven-
tional definition of eqG  in Eq. (6) is not based on this 
model. 

 
 
Fig. 6. (a) series-connection of rubber sheets and carcass ply, (b) 
assumption of parallel-connection of cords and carcass rubber in 
the carcass ply, and (c) assumption of series-connection of cords 
and carcass rubber in the carcass ply. 

 
2.2.3 Model 3 
Assume that the constituent rubber sheets are con-

nected in series as shown in Fig. 6(a) and the carcass-
ply is modeled as shown in Fig. 6(b). Then the mac-
roscopic shear modulus of the sidewall, eqG  can be 
written as 

 
1

eq
carcass plyaoex sidewall innerliner

apex sidewall innerliner cm cm cf cf

G
VV V V

G G G G Gν ν

=
+ + +

+

.  

 (16) 
 

Since cf cmG G>> , apexG , sidewallG , or innerlinerG  in fact, 
Eq. (16) can be rewritten as  
 

1
eq

apex sidewall innerliner

apex sidewall innerliner

G V V V
G G G

≈
+ +

.     (17) 

 
The above equation is expressed as 
 

1 rubber compounds
eq

rubber compounds rubber compounds

rubber compounds

G
G V V

G

≈ =   (18)  

if 1
1

rubber compounds
apex sidewall innerliner

rubber compounds apex sidewall innerliner

G
V V V

V G G G

=
⎛ ⎞

+ +⎜ ⎟⎜ ⎟
⎝ ⎠

. 

 (19) 
 
If all the rubber compounds have the same shear 

modulus, Eq. (19) is reduced to 
 

rubber compounds sidewall apex innerlinerV V V V= + +     (20) 
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which is slightly different from Eq. (7). This means 
that Eq. (6) is not based on this model. But note that 
the macroscopic shear modulus in Eq. (18) is quite 
similar to the conventional one in Eq. (6). 

 
2.2.4 Model 4 
Assume that the constituent rubber sheets are con-

nected in series as shown in Fig. 6(a), which is not 
coincident with the real structure. Additionally, if we 
model the carcass ply as shown in Fig. 6(c), the eqG  
can be written as 

 
1

eq
cfaoex sidewall innerliner cm

apex sidewall innerliner cm cf

G VV V V V
G G G G G

=
+ + + +

. (21) 

 
The above equation can be rewritten as 
 

1
eq

rubber compounds cf

cfrubber compounds

G V V
G G

=
+

  (22) 

if 1
1

rubber compounds
apex sidewall innerliner cm

rubber compounds apex sidewall innerliner cm

G
V V V V

V G G G G

=
⎛ ⎞

+ + +⎜ ⎟⎜ ⎟
⎝ ⎠

.  

      (23) 
 
Since cf cf rubber compounds rubber compoundsV G V G<< , Eq. (22) 
can be written as  
 

rubber compounds
eq

rubber compounds

G
G

V
≈ . (24) 

 
If all the rubber compounds have the same shear 

modulus, then Eq. (23) is reduced to Eq. (7). More-
over, Eq. (24) is approximately equal to Eq. (6). This 
indicates that the conventional modeling of the side-
wall is based on this model. Thus, we will call this 
model with Eq. (21) the ‘conventional model’ in this 
paper. 

 
2.2.5 Summary on the four models 
Attention should be paid to the fact that the real 

structure of sidewall is far from the conventional 
model, that is, the shear modulus of Eq. (6) is not a 
correct shear modulus of the sidewall structure. 

Comparing Eq. (18) of Model 3 with Eq. (24) of 
Model 4, we see that the two models will yield a simi-
lar value of eqG . However, since the magnitude of 

rubber compoundsV  of Model 3 is less than that of Model 4, 

it is expected the rotational stiffness based on Model 
3 is slightly greater than that based on Model 4 or the 
Conventional model. 

Since Eq. (16) of Model 3 and Eq. (21) of Model 4 
are not consistent with the rule of mixtures, we will 
rule out the two models from further consideration. 
However, since Model 1 and Model 2 are compatible 
with the real structure as far as the connection be-
tween rubber sheets and carcass-ply concerned, we 
will consider if they are micromechanically consistent 
from the other viewpoint in the later sections. 

 
3. Micromechanically consistent shear modulus 

of sidewall 

In this section, we will introduce the microme-
chanically consistent shear modulus by using the Tsai 
equation. This model will be called ‘Tsai model’ in 
this paper. Performing an approximate quantitative 
analysis of eqG  of Model 1, Model 2 and Tsai model, 
we will show that only the two models (Model 2 and 
Tsai model) are micromechanically consistent among 
them. Finally, we will present a generalized approxi-
mate expression of the micromechanically consistent 

eqG  by employing the Halpin-Tsai equation. 

 
3.1 Shear modulus using the Tsai equation for car-

cass ply 

Consider a representative volume element of side-
wall that is subjected to shear stress τ  caused by the 
torque ( )T s as shown in Fig. 4. If we assume that the 
representative sidewall element deforms according 
to eqGτ γ=  in a macroscopic sense, the equivalent 
shear modulus ( eqG ) can be written as 

 
eq apex apex sidewall sidewall innerliner innerliner

carcass ply carcass ply

G V G V G V G
V G

= + +

+
 (25) 

 
where [ ]V •••  and [ ]G •••  are volume fraction and  

 

  
          (a)                            (b) 
 
Fig. 7. The volume element of carcass ply that is a part of the 
representative volume element of sidewall in Fig. 4; (a) shear 
stress τ , and (b) shear strain γ . 
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shear modulus of each constituent material written in 
the subscripts, respectively. 

carcass plyG  in Eq. (25) denotes the equivalent shear 
modulus of the carcass ply, which is composed of 
cords and rubber matrix as shown in Fig. 7. The 

carcass plyG  can be expressed, by using the Tsai Eq. [18], 
as  

 
2 ( )

(1 )
2 ( )

( ) ( )
( ) ( )

cf cf cm cm
carcass ply cm

cm cf cm cm

cf cm cf cm cm
cf

cf cm cf cm cm

G G G
G C G

G G G
G G G G

CG
G G G G

ν
ν
ν
ν

− −
= −

+ −

+ − −
+

+ + −

 (26) 

 
where cfG  is the shear modulus of cord, cmG  is the 
shear modulus of carcass rubber matrix, cmν  is the 
volume fraction of rubber compound within the car-
cass ply, and C  denotes degree of contiguity of 
cords. Since the cords of the real tire under considera-
tion are isolated from one another, we can assume 
that the value of C  is zero.  Then, the macroscopic 
shear modulus ( eqG ) of the sidewall is given by 
 

2 ( )
2 ( )

eq apex apex sidewall sidewall innerliner innerliner

cf cf cm cm
carcass ply cm

cm cf cm cm

G V G V G V G
G G G

V G
G G G

ν
ν

= + +

− −
+

+ −
. (27) 

 
The above equation will be called the shear modulus 
of the ‘Tsai model’ in this paper. 

 
3.2 Approximate quantitative analysis 

Reconsider Model 1, Model 2 and Tsai model un-
der the following assumption: Let avG  be the aver-
age value of the shear moduli of rubber compounds. 
Assume that the magnitude of each shear modulus of 
the rubber compounds is of the same order as that of 

avG  and the modulus of cord is much greater than 
avG , i.e.,  
 

cf av apex sidewall innerliner cmG G G G G G>> ≈ ≈ ≈ ≈ .    (28) 

 
3.2.1 Mode 1 
Dividing Eq. (8) by avG , we have 
 

eq apex sidewall innerliner
apex sidewall innerliner

av av av av

G G G GV V V
G G G G

= + +   

          cfcm
cm cf

av av

GGV V
G G

+ +  (29) 

Applying the condition in Eq. (28) to Eq. (29), we 
have 
 

eq cf
apex sidewall innerliner cm cf

av av

G G
V V V V V

G G
≈ + + + +    

       (1 ) cf
cf cf

av

G
V V

G
= − + .                 (30) 

 

Since 1 cf
cf cf

av

G
V V

G
− <<  for a real tire, the above Eq. 

(30) can be written as 
 

eq cf
cf

av av

G G
V

G G
≈ .                     (31) 

 
Hence, we have 
 

eq cf cfG V G≈                             (32) 

 
which indicates that eqG  is roughly proportional to 

cfG . This is not possible physically and we will ex-
clude Model 1 from a further consideration. Note that 
Model 1 would give much higher macroscopic shear 
modulus than the conventional model of Model 4. 

 
3.2.2 Mode 2 
Division of Eq. (11) by avG  gives 
 

eq apex sidewall innerliner
apex sidewall innerliner

av av av av

G G G GV V V
G G G G

= + +    

             1
carcass ply

av av
cm cf

cm cf

V G G
G G

ν ν
+

+
 (33) 

 
Applying the condition in Eq. (28) to Eq. (33), we 
have 
 

1eq
apex sidewall innerliner carcass ply

av cm

G
V V V V

G ν
≈ + + +    

   1 1apex sidewall innerliner carcass ply carcass ply
cm

V V V V V
ν
⎛ ⎞

= + + + + −⎜ ⎟
⎝ ⎠

  

  1 cf
carcass ply

cm

V
ν
ν

= +    

  1 cf
carcass ply

cm

V
V

V
= + .  (34) 
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3.2.3 Tsai model 
Applying the condition in Eq. (28) to the Eq. (27) 

of the Tsai model, we have 
 
eq apex sidewall innerliner

apex sidewall innerliner
av av av av

G G G GV V V
G G G G

= + +  

         
(2 )

(2 )

cf cm
cm cm

cf cfcm
carcass ply

cfcmav
cm cm

cf cf

G G
G GGV GGG
G G

ν ν

ν ν

− +
+

− +
  

      2 cm
apex sidewall innerliner carcass ply

cm

V V V V ν
ν
−≈ + + +    

      1 2 cf
apex sidewall innerliner carcass ply

cm

V V V V
ν
ν

⎛ ⎞
= + + + +⎜ ⎟

⎝ ⎠
   

      1 2 cf
carcass ply

cm

V
ν
ν

= +   

      1 2 cf
carcass ply

cm

V
V

V
= + .  (35) 

 
Note that the above equation is quite analogous to Eq. 
(34).  

 
3.3 Discussion of model 2 and Tsai model 

To have an insight into Eq. (34) and Eq. (35), con-
sider them by employing the Halpin-Tsai equation for 

carcass plyG  as follows.  
By using the Halpin-Tsai Eq. [18], carcass plyG  in Eq. 

(25) is expressed as 
 

{ }(1 ) (1 )

(1 ) 1

cm cf cf cm cf
carcass ply

cf
cf cf cm

G G G
G

G G

ξν ξ ν
ν

ν ξ
ξ

−

+ + −
=

⎛ ⎞− + +⎜ ⎟
⎝ ⎠

  (36) 

 
where ξ  is a measure of fiber reinforcement of the 
composite that depends on fiber geometry, packing 
geometry, and loading condition.  

Inserting Eq. (36) into Eq. (25) and assuming ξ  is 
finite, we have 

 
eq apex apex sidewall sidewall innerliner innerlinerG V G V G V G= + +   

             { }(1 ) (1 )

(1 ) 1

cm cf cf cm cf
carcass ply

cf
cf cf cm

G G G
V

G G

ξν ξ ν
ν

ν ξ
ξ

+ + −
+

⎛ ⎞− + +⎜ ⎟
⎝ ⎠

 

                                  (37) 
 

Applying the condition in Eq. (28) into Eq. (37), we 
obtain 

1
1

eq cf
apex sidewall innerliner carcass ply

av cf

G
V V V V

G
ξν
ν

+
≈ + + +

−
   

       (1 )
1

cf
apex sidewall innerliner carcass ply carcass ply

cf

V V V V V
ξ ν
ν

+
= + + + +

−
  

       1 (1 ) cf
carcass ply

cm

V
ν

ξ
ν

= + +   

       1 (1 ) cf
carcass ply

cm

V
V

V
ξ= + + .  (38) 

 
It should be noted that Eq. (38) is equal to the Eq. 

(34) of Model 2 if 0ξ = , and Eq. (38) is identical to 
Eq. (35) of the Tsai model if 1ξ = . Therefore, Eq. 
(38) can be considered as a generalized approximate 
expression of the micromechanically consistent eqG  
and thus Eq. (11) of Model 2 and Eq. (27) of Tsai 
model can be said to be micromechanically consistent 
in the sense of the approximate quantitative analysis. 

Comparing Eq. (34) of Model 2 with Eq. (35) of 
Tsai model, we can predict that the rotational stiffness 
using Eq. (27) of Tsai model will be greater than that 
using Eq. (11) of Model 2.  

 
4. How to calculate ( )R s  

Since eqG , cosφ  and h  in Eq. (4) are implicit 
functions of r , it is impossible to integrate Eq. (4) 
analytically. To calculate Eq. (4) by using numerical 
integration, we divide the sidewall into M ring-
elements, which are axisymmetric about the z -axis 
as shown in Fig. 8 and Fig. 9. Fig. 8 is the cross-
section of sidewall divided into M  ring-elements by 
using the lines normal to the carcass cord line. Fig. 
9(a) is the cross section of the k -th ring-element. 

Fig. 9(a) shows the geometrical data such as the ra-
dial coordinates of intersections ( kr  and 1kr + , 

1,2,..., )k M=  between carcass cord and the dividing 
lines, and the thicknesses ( kh , 1,2,..., )k M= which 
are perpendicular to the carcass cord at 

( )1 2k k kr r r += + . In Fig. 9(a), ( )k
totalA  is the cross-

sectional area of the k -th ring-element and ( )
[ ]

kA •••  is 
the cross-sectional area of the constituent [ ]• • •  in 
the k -th ring element. The ( )

[ ]
kr •••  and ( )k

totalr  in Fig. 
9(b) denote the distances from the z axis to the cen-
troid of the areas ( )

[ ]
kA •••  and ( )k

totalA , respectively, 
along radial direction. Then we have 

 
( ) ( ) ( ) ( ) ( )k k k k k
total sidewall apex carcass ply innerlinerA A A A A= + + + .      (39) 
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Fig. 8. Division of the calculation domain in the sidewall. 
 

  
(a) 

 

  
(b) 

 
Fig. 9. Rubber sheets and carcass ply in the k -th ring-element 
of the sidewall. 
 

Since the volumes of each sheet and ply in the k -th 
ring-element are axisymmetric about z -axis, they are 
calculated as follows. The volume of the k -th ring-
element with cross-sectional area ( )k

totalA  and its cen-
troid at ( )k

totalr r=  is given by 

( ) ( ) ( )2k k k
total total totalVol r Aπ= . (40) 

 
In the same way, the constituent volumes in the k -th 
ring-element are defined by 
 

( ) ( ) ( )2k k k
sidewall sidewall sidewallVol r Aπ=  for the sidewall rubber 

sheet,  (41) 
( ) ( ) ( )2k k k
innerliner innerliner innerlinerVol r Aπ=  for the innerliner 

rubber sheet,                   (42) 
( ) ( ) ( )2k k k
apex apex apexVol r Aπ=  for the apex rubber,     (43) 

 
and 
 

( ) ( ) ( )2k k k
caracss ply carcass ply carcass plyVol r Aπ=  for the carcass ply.  

          (44) 
Then we have 

     
( ) ( ) ( ) ( ) ( )k k k k k
total sidewall carcass ply apex innerlinerVol Vol Vol Vol Vol= + + + .                 

 (45) 
 

The volume of carcass cord in the k -th ring-element 
is given by  

 
2

( ) ( )

4
k k

cf

dVol n lπ=   (46) 

 
where n  is the cord end count, d  is the diameter 
of carcass cord , and ( )kl  is the length of cord in the 
k -th ring-element. Then the volume of carcass rub-
ber in the k -th ring-element is given by 
 

( ) ( ) ( )k k k
cm carcass ply cfVol Vol Vol= − .  (47) 

 
The values of ( )

[ ]
kr ••• , ( )

[ ]
kA •••  and ( )kl  in Eqs. (40)-

(46) are measured from the cross-section of the side-
wall. 

The volume fractions of the constituents in the k -
th ring-element are defined as follows. 

 
( ) ( ) ( )k k k

sidewall sidewall totalV Vol Vol=  for the sidewall rubber 
sheet,  (48) 

( ) ( ) ( )k k k
innerliner innerliner totalV Vol Vol=  for the innerliner rubber 

sheet,  (49) 
( ) ( ) ( )k k k

apex apex totalV Vol Vol=  for the apex rubber,  (50) 
 
and 
 

( ) ( ) ( )k k k
carcass ply carcass ply totalV Vol Vol=  for the carcass ply.  (51) 
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Additionally, the volume fraction of the carcass cord 
in the k -th ring-element is given by 
 

( ) ( ) ( )k k k
cf cf totalV Vol Vol=   (52) 

 
and the volume fraction of the carcass rubber in the 
k -th ring-element is 
 

( ) ( ) ( )k k k
cm cm totalV Vol Vol= .  (53) 

 
Thus we have 
 

( ) ( ) ( ) ( ) 1k k k k
sidewall innerliner apex carcass plyV V V V+ + + =       (54) 

and 
 

( ) ( ) ( )k k k
carcass ply cm cfV V V− = + .             (55) 

 
Dividing the both sides of Eq. (55) by ( )k

carcass plyVol , we 
have 
 

( ) ( ) 1k k
cm cfν ν+ =                      (56) 

 
where the volume fractions, ( )k

cmν  and ( )k
cfν  are de-

fined as 
 

( ) ( ) ( )k k k
cm cm carcass plyVol Volν =  (57) 

 
and 
 

( ) ( ) ( )k k k
cf cf carcass plyVol Volν = . (58) 

 
Using Eq. (27), the equivalent shear modulus of the 

k -th ring-element is given by 
 

( ) ( ) ( ) ( )k k k k
eq apex apex sidewall sidewall innerliner innerlinerG V G V G V G= + +   

              
( )

( )
( )

2 ( )
2 ( )

k
cf cf cm cmk

carcass ply cm k
cm cf cm cm

G G G
V G

G G G
ν
ν

− −
+

+ −
    (59) 

 
where the shear moduli for apex rubber, sidewall 
rubber sheet, and innerliner rubber sheet are given by 
 

[ ]
[ ]

[ ]2(1 )
E

G
µ
•••

•••
•••

=
+

 . (60) 

 
In Eq. (60), [ ]E •••  and [ ]µ •••  are Young’s modulus 
and Poisson’s ratio of the material [ ]• • •  in sub-

scripts, respectively. 
The rotational stiffness ( )R s  using the Tsai model 

is calculated as follows. Employing Eq. (59) and nu-
merical integration by the trapezoidal rule, we rewrite 
Eq. (4) as 

 

1
3 ( )

1

1( )

4 ( ) cos

M
k k

k
k k k eq k

R s
r r

r G hπ φ
+

=

=
−∑

  (61) 

 
where  
 

1

2
k k

k

r rr ++=  , (62) 

{ } { }22 2 2 2 2
22 2

2 2

2 2

( ) ( ) (sin ) ( ) (sin )
( ) ( )

( ) ( cos )
cos

( ) ( )

k C D k D
D C

k D D
k

D C

r r r
r r

r r
r r

φ α
α

φ

−
− −

−
=

−

  (63) 
 

and kh  is the thickness of the k -th ring-element at 
kr r= .  

 
5. Numerical results and discussion 

A radial tire of P205/60R15 is used to validate the 
present study. Its geometric parameters are 

222.0Br = ,mm  256.0Cr = ,mm  283.84Dr = mm  
and 54o

Dφ =  as shown in Fig. 10. The cord diameter 
0.6d =  mm, and the cord end count 1470n = . All 

the necessary geometrical data including volume 
fractions are obtained directly from the tire geometry. 

Young's modulus of each rubber sheet has been ob-
tained from the tensile test, in which specimens are 
sampled from the real tire: 

 

 
 
Fig. 10. Sidewall contour.  
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24.14apexE = MPa  
3.38sidewallE = MPa  
4.52innerlinerE = MPa  

4.59cmE = MPa  
7.13cfE = GPa . 

 
The above Young’s moduli of rubber compounds are 
obtained by applying the Mooney-Rivlin function to 
the stress-strain curves in the range of strain of 0~0.05. 
For details about the preparation of specimens and 
test procedure refer to Reference [19]. 

Since the rubber compounds are nearly incom-
pressible, their Poisson ratios are assumed as 

0.49µ = . 
The values of rotational stiffness are different from 

each other, depending on the definitions of eqG , i.e., 
Eqs. (8), (11), (16), (21) and (27). To find an optimal 
number of sidewall divisions, we performed a con-
vergence test of the stiffnesses in terms of the number 
of ring-elements, which is plotted in Fig. 11. Employ-
ing the sidewall divided into 10 ring-elements, which 
produces nearly-converged stiffnesses except that of 
Model 1, we calculated the rotational stiffnesses 

( ) ( )R R c R s= +  and plotted them in Fig. 12 together 
with the experimental one [16]. 

Since the value of ( )R c  is zero at the inflation 
pressure, 0p = , the rotational stiffness R  at 0p =  
is the same as ( )R s . Since all of the ( )R c  in the 
five models in Fig. 12 are calculated by using the 
same equation and the value of ( )R s  in each model 
is constant irrespective of inflation pressure, the 

R p∂ ∂  of the five models are identical. 
The value of ( )R s  based on Model 1 is too high, 

which was predicted in section 3.2.1. Even if the rota-
tional stiffnesses based on Model 3 and Model 4, 
which are not micromechanically consistent, are close 
to the experimental one, they are fortuitous. The rota-
tional stiffness based on Model 3 is greater than that 
based on Model 4 as we predicted in section 2.2.5. 

The macroscopic shear moduli based on Model 2 
and the Tsai model are micromechanically consistent 
in the sense of the approximate quantitative analysis. 
The rotational stiffness based on Tsai model is greater 
than that based on Model 2 as we predicted in section 
3.3. Fig. 12 shows that both Model 2 and the Tsai 
model produce better approximations than the con-
ventional model of Model 4.  

 

 
 
Fig. 11. Convergence test of rotational stiffnesses in terms of the 
number of ring-elements when 210 kPap = . 

 

 
 
Fig. 12. Comparison of the rotational stiffnesses with experi-
mental one. 

 
6. Conclusions 

The conventional calculation of rotational stiffness 
of radial tire consists of two parts: one part attributed 
to the cord tension due to inflation pressure and the 
other attributed to the shear rigidity of the sidewall. 
Focusing on the calculation of the latter, we have 
shown that the conventional macroscopic shear 
modulus of the sidewall is not micromechanically 
consistent even if it may give an acceptable rotational 
stiffness to some degree.  

Modeling the sidewall in five ways, we have shown 
that Model 2 and the Tsai model provide a microme-
chanically consistent shear modulus of the sidewall. 
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The calculations based on the two models give en-
hanced results compared with the conventional calcu-
lation. We also have presented a generalized ap-
proximate expression of the macroscopic shear 
modulus of the sidewall by employing the Halpin-
Tasi equation for carcass ply. 

 

Nomenclature----------------------------------------------------------- 

α   : Cord angle, Fig. 3 
Dα   : Cord angle at Dr r=  

cfν   : Volume fraction of cf within carcass ply 
cmν  : Volume fraction of cm within carcass ply 

φ    : Meridian angle, Fig. 2 and Fig. 3 
Dφ   : Meridian angle at Dr r=  

ψ   : Rotational angle of rim, Fig. 1 
Br , Cr , Dr  : r -coordinates, Fig. 10 

r , θ , z  : Coordinates, Fig. 1 and Fig. 2 
eqG   : Macroscopic shear modulus of sidewall 
[ ]G •••  : Shear modulus of the material in bracket 

T    : Applied torque, Fig. 1 
( )T c  : Torque owing to the tension of carcass cords 
( )T s  : Torque attributed to the shear rigidity of side-

wall 
R    : Rotational stiffness of sidewall 

( )R c  : Rotational stiffness owing to the tension of 
carcass cords 

( )R s  : Rotational stiffness attributed to the shear 
rigidity of sidewall 

[ ]V •••  : Volume fraction of the material in bracket 
 
Subscripts 

cf    : Cords of carcass ply 
cm  : Rubber matrix of carcass ply 
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